Abstract. Let Gr k (H n ) be the Grassmannian manifold of Quaternionic k-planes in H n and let γ n k → Gr k (H n ) denote the Stiefel bundle of quaternionic k-frames in H n . Let σ denote the first symplectic Pontrjagin form associated with the universal connection on γ n k . We show that every 4-form ω on a smooth manifold M can be induced from σ by a smooth immersion f : M → Gr k (H n ) (for sufficiently large k and n) provided there exists a continuous map f 0 : M → Gr k (H n ) which pulls back the cohomology class of σ onto that of ω.
Introduction
In [2] we proved that the complex Grassmannians Gr k (C n ) admit some even degree differential forms σ i of degree 2i which are universal. This means that any closed differential 2i-form ω on a manifold M can be obtained as the pullback of σ i by an immersion f : M → Gr k (C n ) (for sufficiently large n) provided there is a continuous map f 0 : M → Gr k (C n ) which pulls back the deRham cohomology class of σ i onto that of ω.
The immersion obtained in this case is homotopic to f 0 . The result for 2-forms were known for some time.
Tishcler and Gromov proved independently that the complex projective spaces with the first Chern forms are the universal object. Our theorem genralised these results for even degree forms.
In this paper we prove that there exists a 4-form on the quaternionic Grassmannian Gr k (H n ) which is also universal in the above sense. This 4-form is defined as the first symplectic Pontrjagin form p of the universal connection on the Stiefel bundle γ n k → Gr k (H n ). The main result may be stated as follows.
Theorem 1.1. Let M be a closed manifold of dimension m and let ω be a closed 4-form on it. Suppose that there exists a continuous map f 0 : M → Gr k (H n ) which pulls back the cohomology class of p onto that of ω.
Then there exists a smooth immersion f : M → Gr k (H n ) such that f * p = ω, provided k ≥ and n ≥.
On our way to achieving this goal we also prove the following result.
Theorem 1.2. Let P be an Sp(k)-bundle over a closed manifold M and ω a 4-form on M representing the first Symplectic Pontrjagin class of P . Then there is a connection α on P such that the symplectic Pontrjagin form of α is ω, provided k ≥.
The Stiefel bundle γ n k → Gr k (H n ) is a universal Sp(k)-bundle which admits a universal connection [8] .
order to obtain the decomposition we consider a differential operatorD which we show to be infinitesimally invertible. We then apply an Implicit function theorem for smooth differential operators onD to show that it is surjective. We also prove the following: Corollary 1.3. Let M be any manifold. Every 3-form on M is the secondary characteristic form of a pair of connections (ω 0 , ω) on a trivial Sp bundle, modulo exact forms, where ω 0 is the trivial connection. Every exact 4-form on M is the symplectic Pontrjagin form of some connection on a trivial Sp bundle over M .
Analogues of Theorem 4.1 and Corollary 1.2 were proved in [2] for homogeneous components ch k of the Chern character ch =
. Explicitly, we showed that if P is a principal U (n) bundle, then every 2k-form representing the cohomology class ch k (P ) is a Chern character form of some connection on the bundle provided n is large. In other words, every form representing the characteristic class ch k (P ) is a Chern character form of the stable isomorphism class {P }. The principal idea was to use the additivity property of the Chern character forms. A careful observation of the proof also shows, that every (2k + 1)-form on M , modulo exact forms, can be realised as a Chern-Simons form of a pair of connections (ω 0 , ω) on P , for some fixed ω 0 . However, this is not explicitly mentioned in the article. In a recent paper [9] , Sullivan and Simons have shown that any odd degree form (not necessarily homogeneous) is a Chern-Simons form of some unitary connection on a trivial bundle by exploiting the multiplicative property of the Chern character forms and the partial additivity of the Chern-Simons classes. This gives a differential K-theory of unitary bundles. We also refer to [7] for a similar result.
Let G be one the Lie groups O(n), U (n) or Sp(n). We say that α is a characteristic form of a principal G-bundle P , if it is the characteristic form of some connection on P ; α will be called a characteristic form of a stable isomorphism class {P } if it is a characteristics form of some Q ∈ {P }.
Preliminaries
Let H denote the (skew-)field of quaternions represented by elements of the form u + xi + yj + zk, where u, x, y, z ∈ R and i, j, k satisfy the relations
H becomes a division ring with respect to coordinatewise addition and the above multiplication. To each element w = u + xi + yj + zk, we can associate a conjugatew which is of the form u − xi − yj − zk.
The n-fold product of H, can be given the structure of a quaternionic right (resp. left) vector space of dimension n and comes with the following canonical inner product on H n : For w, w ′ ∈ H n , the inner product
, where w i , w ′ i denote the coordinates of w and w ′ respectively. The subgroup of Gl n (H) consisting of all linear transformations which preserve the inner product is denoted by Sp(n). This is called the Symplectic group. The quaternions can be realised as a 2-dimensional vector space over the complex numbers with basis {1, j} by identifying the element u + xi + yj + zk with the ordered tuple (u + xi, y + zi).
With this identification we can identify a quaternionic vector space V of dimension n with complex vector space of dimension 2n. Then the quaternionic inner product of two elements of v, w ∈ V , can be expressed as follows:
where h(v, w) denotes the canonical Hermitian inner-product on C 2n and ω denotes the complex symplectic form on C 2n . This shows that the Symplectic group can also be seen as a subgroup of U (2n) consisting of all A ∈ U (2n) which preserve the complex symplectic form ω. Thus Sp(n) = U (2n) ∩ Sp(2n, C) and X ∈ Sp(n) if and only if
where X * denote the adjoint of X and J is of the form 0 I n −I n 0 Therefore the Lie algebra sp n of Sp(n) can be identified with the subalgebra of all skew-Hermitian 2n × 2n matrices satisfying Y t J + JY = 0.
Universal connections on Stiefel bundles. Let
The projection map p maps a k-frame onto the subspace of H n spanned by these vectors. G k (H n ) is the classifying space of all principal Sp(k)-bundles over manifolds of dimension m, provided n ≥. This means that every principal Sp(k) bundle over a manifold of dimension m can be obtained as a pullback bundle of γ n k via some map
Indeed, there is a one-to-one bijection from the set homotopy classes of continuous maps
, where V k (M ) denote the set of isomorphism classes of principal Sp(k) bundles over M , provided n is sufficiently large. Following the work of Narasimhan and Ramanan [6] on unitary bundles, Schlafly constructs a connection ω 0 on γ n k , and proves that every connection on a principal Sp(k) bundle over a manifold M of dimension m can be induced from ω 0 by some map f :
. We shall refer to this connection ω 0 as universal connection on γ n k .
Symplectic Pontrjagin Classes.
It is a general fact that two principal bundles over M which are stably isomorphic, have the same characteristic classes. The characteristic classes, we may recall, are certain cohomology classes in H * (M, R) which are invariants of vector bundles. The geometric theory of characteristic classes of a principal G-bundle P → M associates a cohomology class to an invariant polynomial on the lie algebra g of the Lie group G. Evaluating the polynomial on the curvature forms of connections on P we get the representatives of the characteristic class. Each such form is referred as a characteristic form of the bundle P . A differential form ω will be called a characteristic form of a stable isomorphism class {P } if it is the characteristic form of some Q in the stable isomorphic class of P . We shall now describe the Symplectic Pontrjagin classes of principal Sp(k) bundles. Given any Sp(k) bundle P → M we can associate to it some cohomology classes lying in H 4i (M, R) which are topological invariants of the principal bundle. These are called symplectic Pontrjagin classes. The Chern Weil theory says that each Sp(k)-invariant polynomial f : sp(k) → R of even degree 2i defines a cohomology class in H 4i (M, R) which is an invariant of the bundle. The generators of the ring of all invariant polynomials can be obtained as follows. For X ∈ sp(k), we expand det(λI 2k + iX) to write it as a polynomial in λ:
First note that there can not be any odd degree terms in the above expression because of the following simple reason. Since X is a Lie algebra element it satisfies the relation JX + X t J = 0. Therefore,
Consequently, the coefficients of odd powers of λ vanish. It can be proved that the polynomials f 1 , f 2 , . . . generate the space of all invariant polynomials. Let P → M be a principal Sp(k)-bundle, and let Ad P denote the vector bundle P × G g over M , where G action on g is the adjoint action. The space of Sp(k)-connections on P is an affine space which may be parametrised by the space of Ad P -valued 1-forms on M . This means that if we fix a connection ω then any connection can be expressed as ω + α for some section α of T * (M ) ⊗ Ad (P ) and conversely. The curvature form Dω of ω is defined as Dω = dω + ω ∧ ω. We shall often denote the curvature by Ω. Now consider an Sp(k)-connection ω on the principal bundle P and substitute its curvature form Dω in the polynomial f i for X. Then, it gives a 4i-form on P which projects onto a closed 4i-form on M . We shall denote this form by p i (ω) and call it the i-th symplectic Pontrjagin form of ω. The cohomology class of p i (ω) is independent of the choice of the connection. We shall denote the cohomology class by p i and we refer to it as the symplectic Pontrjagin class the bundle P . We now restrict our attention to only the first symplectic Pontrjagin form p 1 . It may be shown that
The 3-form on P defined by the integral
We shall denote the projected form on M byp 1 (ω, ω + α) and will refer to it as the secondary characteristic form. While the primary characteristic forms are only topological invariant of the bundles, the secondary characteristic forms contain important geometric information. In particular, if we consider the trivial principal bundle and take ω to be the trivial connection on it, thenp 1 (0, α) = 1 2 trace (α ∧ Dα). We shall now show that the functor p 1 is additive. This means that if ξ is an Sp(k) bundle and ξ ′ an Sp(k ′ ) bundle, and ω, ω ′ are two connections on ξ, ξ ′ respectively then
This observation is crucial for our result (and was pointed out to me by M. Gromov). Using the description of f 1 we can write
Now note that a maximal torus t of Sp(k) consists of diagonal matrices of the form
where ξ i 's are real numbers. Therefore, if we restrict the invariant polynomial trace X to the torus then it is identically zero. Hence it is identically zero on sp(k) and so f 1 (X) = trace X 2 for all X ∈ sp(k).
. This proves that p 1 is additive. Let P → M be a trivial Sp(q) bundle over a manifold M . A connection on P is a sp(q)-valued 1-form on M . If we consider a connection ω on P which is a diagonal matrix with diagonal entries iω 1 , . . . , iω q , −iω 1 , . . . , −iω q then p 1 (ω) = q i=1
2 . Thus every exact form which can be expressed as the sum of squares of exact 2-forms is the first symplectic Pontrjagin form of some connection.
Connections with prescribed characteristic forms
The results of this section were proved earlier in [1] and [2] . For the sake of completeness we present the relevant part from there.
We first prove that every differential 4-form on M can be expressed as the sum of the squares of exact forms. In order to see this we consider a differential operator D which takes a q-tuple of 1-forms (ω 1 , . . . , ω q ) onto
2 . We want to show that the image of this operator consists of all exact 4-forms. Observe that if There is an associated operatorD defined as follows:
is an epimorphism.
• If dω 1 , . . . , dω q span the exterior bundle Λ 2 (M ) then (ω 1 , . . . , ω q ) is a regular q-tuple.
• The operatorD is infinitesimally invertible at a regular q-tuple [1] .
The regularity being an open condition, the set of regular q-tuples form an open subset in the fine C ∞ topology. We would like to show that this set is non-empty for large q. We first prove an algebraic result.
. . , q, be n × 2 matrices whose coordinates are indeterminates. Let the , i = 1, 2, . . . , n appear in A im . Since each A im is irreducible and B i is a linear polynomial it follows that B i is irreducible for each i. By the same argument again, Q k+1 is irreducible.
Proof of Propostion 3.1: Fix a basis e 1 , e 2 , . . . , e m for R m . Let L :
, where L i is the projection of L onto the i-th copy of R 2 .
Denote the canonical volume form on
The 2 × 2 cofactors of L i correspond to the values of L * i σ on the 2-tuples of basis vectors (e i1 , e i2 ), where {i 1 , i 2 } is an ordered subset of {1, 2, . . . , m}. IfL i denote the column vector formed by the 2 × 2 cofactors of the matrix L i then the above condition means thatL = (L 1 , . . . ,L q ) has the maximum rank. Let
such that rankL is strictly less than l = m 2 ; in other words, any l × l cofactor ofL is zero. Consider all l × l cofactors which contains the first l − 1 columns:
By the lemma above, each polynomial P i is irreducible. Moreover, the polynomials are clearly independent, as the variables of P i is not contained in the variables appearing in the rest of the polynomials. Thus the common zero set of the polynomials P i 's has the maximum codimension. This implies that Σ ′ is semialgebraic 
Proof. Let f = (f 1 , . . . , f q ) be as in Proposition 3.2. Note that σ = dx ∧ dy is an exact form and so we can write it as σ = dτ . Set ω i = f * i τ . By our assumption (ω 1 , . . . , ω q ) is regular. Further, since any 3-form on
This proves the proposition. (1) every 3-form on M can be expressed as q i=1 ω i ∧ dω i + an exact form and hence (2) every exact 4-form σ on M can be expressed as
where ω i , i = 1, . . . , q, are 1-forms on M .
Proof. Let S denote the set of regular q-tuples of 1-forms on M . SinceD is infinitesimally invertible on S, its restriction to this set is an open map. Now, S being a non-empty open set, the image ofD is non-empty and open. We shall now show thatD is surjective.
Proof of the main results
In this section we prove the main results of the article.
Proposition 4.1. Let P → M be a principal Sp(k 0 ) bundle over a closed manifold M . Let ω 0 be a connection on P and let α be any differential 3-form on M . There exists a connection ω on the trivial Sp(1) k -bundle P 0 such that the secondary characteristic form of the pair (ω 0 ⊕ 0, ω 0 ⊕ ω) on P ⊕ P 0 is equivalent to α modulo an exact 3-form, provided k ≥
Proof. The secondary characteristic class for a pair of connections (ω 0 ⊕ 0, ω 0 ⊕ ω) as in the statement above can be expressed asp
If we take ω in the 2 × 2 block diagonal form with diagonal entries
The result follows in view of Propositions 3.5.
Let P be a principal Sp(n) bundle and let P denote its stable equivalence class. By a characteristic form of the stable equivalence class of P we shall understand a form which is the characteristic form of some connection on a principal bundle Q ∈ P . Observing that every principal bundle P ⊕ Sp(k) represents P we can conclude from the above result that every 3-form on M , modulo some exact form, is the secondary characteristic form of P . Since the characteristic classes of a principal bundle only depends on its stable equivalence class we conclude from the We also prove the following:
Let M be any manifold. Every 3-form on M is the secondary characteristic form of a pair of connections (ω 0 , ω) on a trivial Sp bundle, modulo exact forms, where ω 0 is the trivial connection. . Then every exact 4-form on M is the first symplectic Pontrjagin form of some connection on a trivial Sp(n) bundle over M .
Proof. If P is a trivial Sp(1)-bundle then a connection is simply a sp(1)-valued 1-form M . Therefore, a connection ω on P is of the following form:
where α, β and γ are smooth 1-forms on M . The curvature form of Ω is equal to dω since ω ∧ ω = 0, and
Consider a Sp k -connection ω on the trivial bundle over M which is of the form Diag (ω 1 , ω 2 , . . . , ω k ), where each ω i is a 2 × 2 block of the form described as above. Thus every 3-form on M can be expressed as the Symplectic Pontrjagin form of some connection on trivial Sp(k) bundle for 3k ≥ Proof. If n > m 0 then P can be reduced to P 1 ⊕ P 2 , where P 1 is a principal Sp(m 0 ) bundle and P 2 is the trivial Sp(n − m 0 ) bundle over M [4] . Moreover, we have a canonical inclusion Q = P 1 ⊕ P 2 i −→ P which takes fibres of P 1 ⊕ P 2 canonically into the fibres of P . It is a standard fact that a connection α Q on Q can be extended uniquely to a connection α P on P such that i * α P = α Q . We shall show that p 1 (α Q ) = p 1 (α P ).
We recall that the Symplectic Pontrjagin form p 1 (α Q ) is uniquely determined by the equation
where D stands for the covariant differentiation and π Q denotes the projection map Q −→ M . Similarly, π * P p 1 (α P ) = trace (Dα P ) 2 ( [5] ). Taking the pull back by i we get i * π * P p 1 (α P ) = trace (Dα Q ) 2 . Since π P • i = π Q , the left hand side is equal to π * Q p 1 (α P ). Hence by equation ( 2) and the uniqueness property p 1 (α P ) = p 1 (α Q ). Now, the first Symplectic Pontrjagin form being additive, if α 1 and α 2 are connections on P 1 and P 2 respectively then p 1 (α 1 ⊕ α 2 ) = p 1 (α 1 ) + p 1 (α 2 ). In view of this observation it is enough to show that every exact form on M is the first Symplectic Pontrjagin form of some connection on the trivial principal Sp(n − m 0 )-bundle P 2 . Now by Proposition 4.2, every exact 4-form is the first Symplectic Pontrjagin form of some connection on P 2 provided n − m 0 > m(m+1) 6
.
Proof of Theorem 1.1.
Proof. Without loss of generality we may assume that f 0 is smooth. Consider the pull-back bundle f * 0 (γ q n ) and call it P . By the naturality of the Symplectic Pontrjagin classes, the first Symplectic Pontrjagin class of P is [σ] . Therefore, by the above theorem, there exists a connection α on P satisfying p 1 (α) = σ, provided n ≥ m 0 + m(m+1) 6
. On the other hand, if q ≥ n(m + 1)(4mn 2 + 2mn + 1) then there exists a bundle map (F, f ) : P −→ γ q n such that F * α 0 = α. Then p 1 (α) = p 1 (F * α 0 ) = f * p 1 (α 0 ) and hence σ = f * p 1 (α 0 ). Moreover, since P is isomorphic to f * (γ q n ), f : M −→ Gr n (H q ) is homotopic f 0 . This proves the theorem.
